Abstract-In this work, we use the numerical steepest descent path (numerical SDP) method in complex analysis theory to calculate the highly oscillatory physical optics (PO) integral with quadratic phase and amplitude variations on the triangular patch. The Stokes' phenomenon will occur due to various asymptotic behaviors on different domains. The stationary phase point contributions are carefully studied by the numerical SDP method and complex analysis using contour deformation. Its result agrees very well with the leading terms of the traditional asymptotic expansion. Furthermore, the resonance points and vertex points contributions from the PO integral are also extracted. Compared with traditional approximate asymptotic expansion approach, our method has significantly improved the PO integral accuracy by one to two digits (10 −1 to 10 −2 ) for evaluating the PO integral. Moreover, the computation effort for the highly oscillatory integral is frequency independent. Numerical results for PO integral on the triangular patch are given to verify the proposed numerical SDP theory.
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INTRODUCTION
When the electrical size of objects are on the order of hundreds or thousands of working wavelength λ, that is, the essential frequencies k of the wave field are high enough, the physical optics (PO) approximation has been accepted as an efficient approach for analyzing the scattering and radiation electromagnetic problems [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [16] [17] [18] [19] , which was suggested by Macdonald [4] early in 1913. The PO current on a scattering surface lit region is defined by j (s) PO (r) = 2
PO (r) = 2u (i) (r),
where u (i) (r) is the incident wave, j
PO and j (h) PO are the scalar acoustic currents due to the soft (u| ∂Ω = 0) and hard ((∂u/∂n)| ∂Ω = 0) boundary conditions, respectively. J PO defined in Equation (2) is the electromagnetic wave current in the lit region. In the shadow region of the scattering surface ∂Ω, this PO current is set to zero. Due to the soft boundary condition, the acoustic scattered field integral by PO expression is: 
where ∂Ω 1 is the lit surface of the scatterer and g (r, r ) is the scalar Green's function in the homogeneous medium. For electromagnetic waves, the PO integral has the similar expression as Equation (3), but we shall use the dyadic Green's function [1] . To guarantee that the PO approximation is accurate enough for the full-wave scattering, the observation point r shall be far away from the scatterer's shadow and reflection boundaries [3, 21, 22] . In this situation, the PO scattered field integral can be represented by a surface integral:
where s(r) is a slowly varying amplitude function, and the exponent of the phase function term, i.e., e ikv(r) will become highly oscillatory as the frequency k increases. Hence, the PO integral kernel is getting more oscillatory as the electrical size of object becomes larger compared with the incident wavelength λ. Consequently, the computational cost by a direct numerical integration scheme [12, 20] for the PO integral is extremely high. Due to the importance and challenges of acoustic, elastic and electromagnetic waves in high frequency applications, efficient numerical methods have attracted much attentions from mathematicians [23] [24] [25] [26] [27] [28] [29] . Bruno et al. employed the full-wave combined-field boundary integral formulation and asymptotic theories to solve this type of problems. It is the extension of the stationary phase method for convex and smooth obstacles [24] [25] [26] , where the ideas of asymptotic theories are incorporated into the localized integration method. Engquist and Runborg [28, 29] considered the traditional ray tracing technique based on the variant of geometrical optics (GO). It is obtained by the asymptotic approximations when the wave field frequency tends to infinity. Furthermore, the eikonal equation and the approximation of the Liouville equation based on GO have been employed for simulating the high frequency wave propagation.
Traditional asymptotic expansion approximations [3, 18, [38] [39] [40] [41] [42] [43] are widely used in computational electromagnetics, optics, acoustics and geophysics areas. The asymptotic expansion approximation for the highly oscillatory PO integral [10, [17] [18] [19] ] is a frequencyindependent approach. However, it generally leads to limited accuracy, especially when the object is not very large. These challenging PO type oscillatory integrals are extensively studied in [30] [31] [32] [33] [34] [35] [36] [37] . Relevant mathematical theories and error analysis are developed to provide clearer pictures about their oscillatory behaviors. Some comprehensive numerical quadratures, such as Filon-type and Levintype methods, are developed by the aid of the asymptotic approximate expansion approach. The SDP or numerical SDP [37, 45] techniques in the complex plane [1, 17] is very efficient in computing highly oscillatory integrals by the steepest descent integral path deformation. Since less approximation is done compared with the traditional asymptotic expansion, the numerical SDP method opens up a hopeful way in computing PO integrals frequency independently and error controllably.
Analytical expressions for reducing the highly oscillatory double PO integral to a line integral were given by Gordon [6, 7] . Based on the standard far-field approximation, the Kirchhoff formula was used for the scattered field under the assumption that the amplitude and phase functions vary linearly. Then closed form formulas were obtained on flat patches. In [8] [9] [10] , Ergin used the radon transform to develop the closed form expression of the PO integral on the triangular patch and even NURBS surface, the proposed method is efficient for electromagnetic scattering problems. Cátedra et al. [15] and Vico et al. [17] extended the phase and amplitude variation by using quadratic functions. Different approximated closed forms were developed from it. In [17] , the PO integral on a surface is presented by a decomposition of the surface into small triangles. In each triangle, a path deformation in the complex plane is used to accelerate the integration.
The proposed numerical steepest descent path method in this manuscript comes from the physical meaning of the PO integral. Physically, we know the dominant terms of the PO integral shall be the stationary phase point contribution, which agrees well with geometry optics (GO) theory. In order to capture the stationary phase point contribution, we consider the phase function with quadratic variation. Once the stationary phase point exists in the PO integrand, the resonance point contribution and Stokes' phenomenon related to the reflection and shadow boundaries of GO theory can also be captured. For the PO integrand with linear phase variation, the stationary phase point does not exist. And the size of λ/10 meshes shall be used to compute the PO integral while the mesh size does not dependent on the wavelength by the quadratic phase variation. In this paper, the starting problem is similar to [17] . We deal with highly oscillatory PO integrals with the quadratic variation of amplitude and phase functions on triangular patches. Double integrals are reduced into line integrals in terms of complementary error functions. For each linear integral, the numerical SDP method and Stokes lines are used to achieve the frequency independency in computing the highly oscillatory line integral. Compared with [17] , our new contributions in this paper are: Stokes lines are comprehensively studied to extract the stationary phase point (SPP) contributions; Resonance point and vertex point contributions are also exactly extracted, and compared with the asymptotic results in [18] ; Cancellation of the internal resonance and vertex points contributions are mathematically proved when we assemble triangle meshes together for practical engineering applications. Thus, we just need to consider the triangle patches that contain the stationary phase point, the boundary resonance points, and the boundary vertex points. Thus, the number of considered triangles shall be significantly reduced for the realistic objects. New mathematical theories and formulas for all cases of PO integrals on edges are developed depending on the relative locations of endpoints, Stokes lines and stationary phase points. We employ the complementary error function instead of the n-repeated Fresnel function. Only two trapezoidal decompositions of each triangle are needed instead of six trapezoidal decompositions in [17] . Both improvements give rise to elegant mathematical formulas. All new derivations are verified by the brute force method and compared with the asymptotic approximation approach.
To our best knowledge, this is the first time that comparisons of the point contributions by using the numerical SDP method and traditional asymptotic approximation approach for highly oscillatory PO integrals have been given. Since the numerical SDP method uses less approximation, its numerical result is more accurate than the asymptotic approximations.
Detailed numerical results and comparisons with [18] are provided. When the frequency k is around 50, our numerical SDP method can significantly improve the point contributions accuracy to one to two digits (10 −1 to 10 −2 ), which is very valuable for engineering. Moreover, the computation efforts by the numerical SDP method retains frequency-independent as in [44] . This paper is organized as follows: the highly oscillatory PO integral on right-angled trapezoid domains are discussed in Section 2. The two dimensional integral is reduced to several line integrals. Steepest descent paths are used and different cases PO integral formulas are given. In Section 3, we extend the PO integral to the triangular patch. Mathematical formulas of the PO integrals are decomposed as the resonance point, vertex point and stationary point physically contributions. The formulations are analyzed to compare these point contributions results with leading terms of traditional asymptotic approximation in Section 5. In Section 6, numerical results of PO integrals on a trapezoid domain and triangular patch are compared by the asymptotic approximation approach, the brute force and the numerical SDP methods. The comparisons show that the proposed numerical SDP method is error-controllable and frequency-independent. The detailed mathematical closed-form formula derivations are documented in the Appendix.
HIGHLY OSCILLATORY PO INTEGRALS ON THE RIGHT-ANGLE TRAPEZOID DOMAIN
In electromagnetics, the PO scattered field by an object with surface ∂Ω can be represented by a surface PO integral in Equation (4):
where r = (x, y, z) is the Cartesian coordinate, s(r) is a slowly varying amplitude function, and the exponential of the phase function, i.e., e ikv(r) will become highly oscillatory as the frequency k increases (see Figure 1 ). We assume the object surface ∂Ω is given by equation z = f (x, y), and the projection of ∂Ω onto x-y plane is ∂Ω xy . Then the domain ∂Ω xy can be discretized into M triangles, ∆ 1 , ∆ 2 , . . ., ∆ M . To capture the stationary phase points phenomenon and give the closedform formulas for the PO integral I given in Equation (4), we assume the integrand of I has the quadratic variation of the amplitude and phase functions on these triangular patches. In this sense, the surface integral can be represented as wheres
The second order polynomialsd n (x, y) andṽ n (x, y) are the quadratic amplitude and phase functions. They can be got by the Lagrange interpolation polynomial approximation ofd (x, y) andṽ (x, y) on these triangular patches ∆ n , n = 1, 2, . . . , M . Their formulas arẽ
whereα n,m ∈ C,β n,m ∈ R, m = 1, 2, . . . , 6. However, the quadratic phase functionṽ n (x, y) of each summation integral term in Equation (5) has the simplified canonical form. We notice thatṽ n (x, y) in Equation (6) can be written in the matrix notation as
where the symmetric matrix W n has the form
We consider the case that the eigenvalues of W n are not zero (nondegenerate). If we assumeG n is a constant in Equation (8) , then the coefficientsã n andc n can be uniquely found by the relationships β n,2 + 2β n,4ãn +β n,6cn = 0, β n,3 + 2β n,5cn +β n,6ãn = 0.
After gettingã n andc n , the coefficientG n in Equation (8) has the formulaG
Since W n is a nondegenerate symmetric matrix, we can always find the invertible congruent transformation matrix
with χ n,j = 1 or −1, j = 1, 2. Also, the coefficientG n in Equation (8) can always be written as (not unique)
Combining Equations (8)- (10), and after the coordinate transform
the quadratic phase functionṽ n (x, y) in Equation (6) can be simplified as its canonical form:
Since the coordinate transform in Equation (11) is an affine transformation, it will always map the triangle ∆ n to another triangle ∆ n . Each summation integral term in Equation (5) can be written as
wherep n (x , y ) is the multiplication of functiond n (x, y) in xy coordinate system and the determination of Jacobi coordinate transform matrix ∂ (x, y)/∂ (x , y ). To study the above simplified PO integral as shown in Equation (13) , in this paper, we focus on the canonical PO integral
where ∆ is an arbitrary triangle. The second order polynomial p (x, y) has the form
where α m ∈ C, m = 1, 2, . . . , 6. Direct numerical scheme such as the adaptive Simpson's rule for evaluating the above integral I is time-consuming for high frequency k. In other words, the number of discretized triangles
in Equation (5) . In the following, we derive a k-independent formula on a right-angle trapezoid domain.
Reduction of the Double Integral into the Line Integrals
We first consider the highly oscillatory integrand Figure 2 . It can be written as
for the highly oscillatory integrand given in Equation (16), (a) a > 0, (b) a < 0.
here we assume ax + b > 0, and On the other hand, F (x) in Equation (17) can be decomposed into two different parts defined on edge y = 0 and edge y = ax + b. They are J 1 (x) and J (a,b) 2 (x), respectively:
where
with
Thus the original integral I in Equation (16) can be rewritten as
I 1 is a highly oscillatory integral, but its integrand is a holomorphic function. After integration by parts, it has the closed form formula related to special complementary error functions erfc (z) as follows:
and index n = 1, 2. But I 2 is a highly oscillatory integral that cannot be solved analytically. In the following, we use the path deformation technique to deform the original integration path [L 1 , L 2 ] to the steepest descent path in the complex plane [1] . The power series and asymptotic expansion of the complementary error function erfc (z) [46] are respectively of the forms
where "∼" means "asymptotic to". When l = 2, the first power series term above is regarded as 0. From Figures 3-4 , we can see the oscillatory behaviors of erfc ( √ −iz) and e iz 2 . The complementary error function erfc (z) has the following features:
the above Equation (24) holds when √ −ikz → ±∞. Where ζ(z), ς(z) are two slowly varying functions defined on two domains , on the complex plane:
The above defined asymptotic behaviors of the phases on different domains are called the Stokes' phenomenon [1] . The separated line between and is
which is called the Stokes line. Equation (24), and denoting the following function:
Then by substituting Equation (24) into Equation (20), the phase variation term of the integrand of the highly oscillatory integral I 2 is g(x) = x 2 + (ax + b) 2 .
Numerical Steepest Descent Paths
For the highly oscillatory phase term e ikg(x) , we notice that
For a starting point
After substituting x = ϕ L 1 (p) into Equation (28), we can find that the function e ikg(ϕ L 1 (p)) = e ikC−kp will decrease exponentially when p goes large. Based on (b) and (c), the steepest descent path: x = ϕ L 1 (p) can be found from the following equation:
By setting p = 0 in the above equation, we get C = g(L 1 ) from condition (a). After substituting g(x) into (29), we have
, and x s = − ab 1+a 2 (i.e., the point x s satisfies g (x s ) = 0) is the stationary phase point of the phase function
For the stationary phase point x s , that is g (x s ) = 0, we can see that
. So we define a path function
By substituting x s into the above equation, we have ϕ 0 (p) defined as follows: 
We can see the steepest descent path deformation, Re (x)
We can see the steepest descent path deformation.
Since the integrand of I 2 , i.e., J 2 (x)e ikx 2 is holomorphic, from Cauchy's integral theorem, its integration value from the two endpoints: (L 1 , 0) to point (L 2 , 0) does not depend on the integral paths we choose. Therefore, we can rewrite I 2 in terms of its steepest descent path form:
The integral path ϕ l * in Equation (33) comes from the constant term "2" in Equation (24) . The integral path ϕ l * in Equation (33) comes from the constant term "2" in Equation (24), and is related to the intersection points between the Stokes line l(ax + b) and ϕ SDP (p). All cases for I non-analytic 2 as shown in Figures 5-6 are:
The integral I analytic 2
has the closed-form expression. The original function of its kernel 2j 1 (x)e ikx 2 is
From are given in Appendix B. Hence, the integral I in Equation (21) can be written as:
where I of Appendix B, and Equation (22), respectively.
HIGHLY OSCILLATORY PO INTEGRAL ON THE TRIANGULAR PATCH
In Figure 7 (a), we give a triangular patch containing a stationary phase
The three vertex points of the triangular patch are
To calculate the PO integral on the triangular patch Equation (14), we firstly decompose the triangular patch into two sub- 
Highly oscillatory integrand p(x, y)e ik(x 2 +y 2 ) on a triangular patch (a). Decomposition of the triangular patch into two parts (b). 
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(1) 
domains I and II, as shown in Figure 7 (b). For domain I, we have
have the similar forms given in Equation (20):
From Figure 8 (b), and based on case 3 and a < 0 of Appendix B, we have
From Figure 8(b) , and based on case 1 and a < 0 of Appendix B, we have
Hence, based on Equations (40), (43)- (44), we have
Similarly for domain II, we have
has the similar form as J
From Figure 8 (a), and based on case 1 and a > 0 of Appendix B, we have
From Figure 8(b) , and based on case 9 and a < 0 of Appendix B, we have
Based on Equations (48)- (49), we have
Above all, based on Equation (45) and Equation (50), we have the closed-form formula for I in Equation (14) on a triangular patch as follows:
three vertex point contributions
three Stokes lines and numerical SDPs intersection point contributions .
The three Stokes lines correspond to Equation ( Figure 7 , respectively. There is another way to interpret the Equation (53): the PO integral I given in Equation (14) can be decomposed as the summation of I
The above Equations (54)- (57) clearly give the decomposition of original PO integral I given in Equation (14) on the triangle three edges. In Section 5, for the numerical examples on the triangular patch, we will use Equations (54)-(57) to calculate our numerical SDP results for the PO integral I.
ANALYSIS OF THE CRITICAL POINT CONTRIBU-TIONS ON A TRIANGULAR PATCH BY THE NUMERI-CAL SDP METHOD AND COMPARISON WITH THE TRADITIONAL ASYMPTOTIC APPROXIMATION APPROACH

Stationary Phase Point Contribution
We again consider the highly oscillatory PO integral defined on the domain I of the triangular patch (see Figure 7 
When L 1 < 0 < L 2 , a 3 x+b 3 ≤ 0 and a 2 x+b 2 ≥ 0, the two dimensional integration domain contains the stationary phase point X s = (0, 0). We use the asymptotic expansion method [1, 18, 46] for Equation (58) and consider the integral
Using integration by parts, the above integral can be derived as follows:
p 1 (x) corresponds to the stationary phase point contribution at y = 0. Using the above integral identity again into Equation (60), and the fact Γ(
, the stationary phase point contribution term of the integral given in Equation (59) is
It is of O (k −1 ). Now we take a look at the "three Stokes lines and numerical SDPs intersection point contributions" term in Equation (53). We define the following term
where the points A (1) , B (1) , A (2) , B (3) are the intersection points of Stokes lines and steepest descent paths shown in Figure 8 . The second integral term in the right hand of Equation (63) has the integration path from A (2) to B (3) . It shall contain the stationary phase point in order to form the closed paths. Following the derivation of the stationary phase point contribution in Equation (58), the stationary phase point contribution in Equation (62) can be exactly extracted! The leading term (− π ik α 1 ) in Equation (62) agrees well with [13, 18] , they are called the "critical points contribution". In this paper, we include the high order terms (− 
Resonance Point Contributions
From Equations (40), (46) and Figure 7 , we see that the highly oscillatory integrands defined on the three edges of the triangular 
After solving x r,m from Equation (64), the resultant three resonance points on the three edges of triangular patch as shown in Figure 7 are Again, we use the asymptotic expansion method [1, 19, 21 ] to derive the leading terms of resonance point contributions. We consider the integralĨ
Following the same procedure as Equation (61), we have the resonance points contribution as follows:
where the leading term coefficient b 0 has the formula −   3 2 ), which is the same as the results in [13, 18] . They called them the boundary critical point contributions. Similarly, for the other two resonance points, we have the similar asymptotic formulas as given in Equation (70).
In this work, the three resonance points contributions by using numerical SDP method are I 
Vertex Point Contributions
In Figure 7 (b), we denote the intersection points of y 1 = a 1 x + b 1 and y 3 = a 3 x + b 3 as V 1 . Then we consider the integral
Doing the same procedure for the Equation (74), we have the vertex point contribution as follows:
Thus the leading term for Equation (75) is of O (k −2 ), which is the same as [13] . In this work, the three vertex point contributions calculated by using the numerical SDP method are
From Equations (62), (70) and (75), we can see that the stationary phase point, resonance point and vertex point contributions are of
, respectively. Hence, when k → ∞, the stationary phase point contribution becomes the dominant term for the PO integral, which agrees well with geometrical optics (GO) [2, 19, 22] . Previous work [13] only gives the leading term of O (k −1 ). But our derivation provides the higher order term using numerical SDP method and achieves higher accuracy that will be demonstrated in Section 5.
Cancellation of the Resonance and Vertex Points Contributions
Physically, the contributions for the PO integral I given in Equation (4) come from the stationary phase point, the boundary resonance points and boundary vertex points. For practical engineering models, when we assemble discretized triangles together, the internal resonance and vertex point contributions shall cancel each other. Proposition 1 (Cancellation of the internal resonance point contributions). Every internal resonance point contribution to the PO integral I by the numerical SDP method is 0. Proof. Firstly, from Figure 9 , we can see that ∆ V 1 V 2 V 3 contains three resonance points X r,m , m = 1, 2, 3. The closed-form PO integral formula I for the triangular patch ∆ V 1 V 2 V 3 is derived in Equation (54). Secondly, we analyze the resonance points X r,m one by one, m = 1, 2, 3. For the resonance point X r,2 lying on edge V 2 V 3 , it is shared by two triangular patches
as given in Equation (54). For simplification, it is re-denoted as I
, where the subscript x s = x r,2 denotes the x-component of the resonance point X r,2 expressed in Equation (65) on the edge −−−→ V 2 V 3 . Following the numerical SDP closed-form derivation on the triangular patch ∆ V 1 V 2 V 3 , for the ∆ V 2 V 4 V 3 , we have
For the notation simplification, I
in Equation (79) 
given in Equation (79), which cancels X r,2 's contribution I
For the other two resonance points X r,1 and X r,3 , they are shared by the triangular patches groups
Based on the above derivation, the total resonance point X r,m 's contributions are all 0, m = 1, 2, 3. Since every internal resonance point is shared by two triangular patches, following the above argument, we conclude that every internal resonance point contribution by using the numerical SDP method are 0. This fact completes the proof. Remark 1. Because ∆ V 2 V 4 V 3 does not contain the stationary phase point, the stationary phase point contribution does not exist in Equation (79). Remark 2. Every boundary resonance point is not shared by two triangles. Hence, the boundary resonance point contribution shall exist from the argument in Proposition 1.
Proposition 2 (Cancellation of the internal vertex point contributions). Every internal vertex point contribution to the PO integral I by the numerical SDP method is 0.
Proof. Firstly, from Figure 9 , the internal vertex point V 2 is shared by five triangular patches:
From Equation (79), the vertex point
Secondly, following the derivation of PO integral I's closed-form formula on the other three triangular patches, we have
Summing the above five equations, we get the internal vertex point V 2 's contribution I V 2 to the PO integral I is 0. Because every internal vertex point is shared by a finite number of edges, and each edge is shared by two triangular patches, the contributions appeared on these two triangular patches cancel each other. After considering all the edges passing through the internal vertex point, we conclude that every internal vertex point contribution by the numerical SDP method is 0. This fact completes the proof. Remark 3. For the boundary vertex point, there always exists one edge passing through this vertex point, and this edge is not shared by two triangles. The considered vertex point contribution for the PO integral I on this triangle cannot be canceled. Hence, the boundary vertex point contribution shall exist from the argument in Proposition 2.
NUMERICAL EXAMPLES
The following numerical results illustrate that when k is not large enough such as k is around 50, our numerical SDP method can significantly improve the accuracy by one to two digits (10 −1 to 10 −2 ) compared with the asymptotic approximation approach. When k → ∞, both methods shall and do agree quite well.
The Right-angled Trapezoid Domains Examples
The first numerical example is a highly oscillatory integral I 2 defined in Equation (33) . We can see the integrals I 1 2 , I 2 2 , and I 0 2 in these three integration formulas in Equations (35)- (38) have the exponentially decay terms e −kp and e −kp 2 , respectively. Gauss-Legendre numerical integration schemes [47] are used to calculate these integrals on steepest descent paths. The integration regions for the steepest descent path parameter p are [0, p 1 ] for Equations (35)- (37) , and [−p 2 , p 2 ] for Equation (38) , respectively. The exponentially decay terms e −kp for the integrands of I 1 2 , I 2 2 , and e −kp 2 for I 0 2 as shown in Equations (35)- (38) are constant with kp 1 = kp 2 2 ≡ 12. The number of integration points for the Gauss-Legendre numerical integration scheme is fixed to N = 20. Therefore, the computational efforts of numerical SDP derived formulas Equations (35)- (38) combined with the GaussLegendre numerical integration scheme are k-independent.
The target integral I 2 as shown in Equation (33) Table 1 . We can see when k ≤ 500, the results by the two methods agree quite well. However, (33)) by using our SDP formulas Equations (35) Table 2 . Comparison of integral I 2 (Equation (33)) by using our numerical SDP formulas Equations (35)- (38) and brute force method.
Other parameters are the same as Table 1 . Table 3 . Comparison of integral I 2 (Equation (33)) by using our numerical SDP formulas Equations (35)- (38)) and brute force method.
Other parameters are the same as Table 1 
when k > 500, the results begin to have significant differences. The reason is that the I 2 integral becomes highly oscillatory when frequency k goes higher, as shown in Figure 1 . As a result, the direct Matlab quad( ) loses the accuracy. In this sense,
and Matlab quad( ) function is used in each sub-domain
This is the brute force method employed for verification in this paper.
We can see that the results by these two methods agree well now in Table 2 . However, N (k) grows linearly with increasing k. Hence, the computational cost by using the brute force method grows linearly. To see the different relative locations of the two end-points, and the stationary phase points, we reset L 1 = 0.5, L 2 = 0.75, which corresponds to in Figure 6 (c). Other parameters are the same as Table 1 . The resultant integral I 2 numerical results are given in Table 3 . Again, the results agree quite well by the brute force and the numerical SDP methods.
Figures 10-11 depict that the I 2 results and CPU time consumed comparison by the numerical SDP and the brute force methods. It can be seen that using the numerical SDP method for calculating I 2 on an arbitrary line is frequency-independent in computational effort and error-controllable in accuracy.
The Triangular Patch Example
The second numerical example is to compute the highly oscillatory PO integral I in Equation (14) defined on the triangular patch as shown in Figure 7 . The three edge equations on the triangular patch are: Table 4 shows that the integral I results on a triangular patch by using the numerical SDP method agree very well with the brute force method -sub-dividing Matlab quad( ) function for the highly oscillatory PO integral I. In this sense, using the numerical SDP method for calculating PO integral I is error-controllable. Table 4 . On the triangular patch, the highly oscillatory PO integral I by using the numerical SDP closed-form formula Equation (54) and the brute force method. The three resonance points on the triangular patch as shown in Figure 7 are given in Equation (65). Pathak [18] and Borovikov [21] gave the asymptotic approximation leading terms for resonance points. From Equation (36) in [18] , or Equation (70) 
Vertex Point Contribution Results (Figures 15-17)
Pathak [18] and Borovikov [21] also gave the asymptotic expansion approximation leading terms for the vertex points. From Equation (37) in [18] or Equation (75) 
results (Equations (55)-(57)) by using the asymptotic approximation with leading
Stationary Phase Point Contribution Results (Figure 18)
In the asymptotic expansion approximation [18] , the leading stationary phase point contribution term is
We use three ways to compare the stationary phase point contribution results in Figure 18 : Equation (35) in [18] , the derived formula Equation (62) by using asymptotic approximation and the numerical SDP method 
results (Equations (55)-(56)) by using the asymptotic approximation with leading
given in Equation (53). Figure 18 presents that when k goes higher, the results obtained by the numerical SDP method and asymptotic approximation in [18] agree very well. Moreover, when k is around 50, the numerical SDP method improves the accuracy by two digits (10 −2 ) by the confirmation of closed-form formula Equation (62) as shown in Figure 18 (b).
Total Contribution Points Results (Figures 19-21)
Summarizing the above resonance point, vertex point and the stationary phase point contributions, we give the comparison of highly oscillatory integral I given in Equation (14) on the triangular patch in 
results (Equations (56)-(57)) by using the asymptotic approximation with leading
Figure 19 by using the numerical SDP and the traditional asymptotic expansion methods. Using the brute force method as reference, Figure 20 (a) presents the comparison errors between the numerical SDP and asymptotic approximation methods [18] . We see that when k is around 50, the accuracy lost from traditional asymptotic approximation method is about 10 −2 . However, the computational results accuracy lost by the numerical SDP method is less than 10 −6 . Hence, the numerical SDP method can significantly improve the PO integral computational results accuracy even when k is not very large.
In Figure 21 , the resultant errors of numerical SDP and asymptotic Figure 18 . Comparison of the stationary phase point contribution results by three ways: Equation (35) in [18] , the derived formula Equation (62) and the numerical SDP method CK given in Equation (85) Figure 19 . Calculating the PO integral I by using the numerical SDP method Equation (53), the summation of all asymptotic expansion leading terms as shown in [18] and the brute force method. methods [18] are given to illustrate the accuracy improvement by the numerical SDP method.
In summary, we can see the numerical SDP method is error-controllable in accuracy and frequency-independent in computational effort based on Figure Figure 21 . The total contribution point results error between the numerical SDP method Equation (53) and the summation of all asymptotic expansion leading terms on the triangular patch.
CONCLUSION
In this paper, we focused on the difficult highly oscillatory PO integral on right-angled trapezoid domains. The two dimensional integral is reduced to line integrals related to complementary error functions. Steepest descent paths deformation on the complex plane are used to calculate the highly oscillatory line integrals. Due to the Stokes' phenomenon of complementary error functions, various formulas of the PO integrals for different cases will occur and are derived completely. Using the closed-form formula of PO integral on the arbitrary line, we extend the PO integral to triangular patch. Physically, the highly oscillatory PO integral has resonance point, vertex point and stationary point contributions. The numerical SDP formulations are used to compare these contribution point results with the leading terms of traditional asymptotic expansion approximation. When the frequency k is large enough, both methods agree quite well. However, when the frequency is around 20-50, the accuracy lost by using traditional asymptotic expansion method is about one to two digits (10 −1 to 10 −2 ). Supported by brute force method numerical verifications, the numerical SDP method in this paper provides higher accuracy and error-controllable results even when k is not large. Furthermore, the CPU time consumed by the numerical SDP method is frequencyindependent.
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